Mathematica 11.3 Integration Test Results

Test results for the 140 problemsin "1.2.4.2 (d x)"m (a x"q+b x"n+c
X2 n-q))*p.m"

Problem 104: Result more than twice size of optimal antiderivative.

X
J dx
Vvax+bx3+cx®
Optimal (type 6, 142leaves, 3 steps):

5 2 cx? 2 cx?
2 X 1y ———————— 1+ —
b-+Vb%2-4ac b+Vb2-4ac

31 1 7 2 cx? 2 c x? 3 s
AppellFl[—, —y =y — - y - } /(Bxlax+bx +CX
4 2 2 4 p_/pr-4ac b+vVb2-4ac

Result (type 6, 383 leaves):

-1l14a%x® [b-+/b>-4ac +2cx?| |[b++/b>-4dac +2cx?
3 1 7 2 ¢ x2 2cx?
AppellFl[—, ) F N F) /
4 2 4 p+b*-4ac -b+Vb>-4ac

b++b2-4ac

(x (a+bx2+cx4))3/2

— N |

(3 [b— b2-4ac)

31 1 7 2 c x? 2 ¢ x2
—7aAppellF1[—, — T Ty - ) ] *
4°2 2 4 pib’-4ac -b+Vb’-4dac
7 1 3 11 2 cx? 2 c x?
x2 b+m)AppenF1[—, =, T, T - » J+
42 2° 4" p.p’-s4ac -b+Vb-dac
7 3 1 11 2cx? 2cx?
O P A , 1)
4 2 2 4 p.+b2_4ac -b:+Vb?_-dac

Problem 105: Result unnecessarily involves imaginary or complex numbers.
Jx3/2x/ax+bx3+cx5 dx

Optimal (type 4, 380 leaves, 5 steps):
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2 (b2—3ac) x3/2 (a+bx2+cx4) VX (b+3cx2) vax+bx3+cx®

- + +
15 ¢3/2 (x/?Jr\Exz) Vvax+bx3+cx® 15¢
14 112 ) a+bx?+cx?
2% (b -3ac) Vx [Va «c ) |
(\/?-%—\/?XZ)
1/4X 1 b
EllipticE[ZAr‘cTan[ ],* 2]] /[15c7/41/ax+bx3+cx5 _
al/4 4 \/?\E

a4 (262 2 byE —sac) VX [Va eifcx) | e
(\/?+V?x2)2

1/4

EllipticF [2 ArcTan [

b
2- ]] /[30c7/4\/ax+bx3+cx5

Va Ve

1
al/s 7 g

Result (type 4, 486 leaves):

1 C
Vx |2¢ —x(b+3cx2> <a+bx2+cx4)—
39c?2 | ——— x(a+bx2+cx4) b+Vb*>-4ac
b+v/b%-4ac
i 3 b++vVb%2-4ac +2cx? 2b-2+/b?2-4ac +4cx?
i (b 73ac) (7b+ b 74ac]
b+Vb%2-4ac b-+Vb%2-4ac

c b+Vb2-4ac

EllipticE[jAr‘cSinh[\/? x], ! }Jr
b+Vb2-4ac b-+Vb%2-4ac

i [—b3+4abc+b2x/b2—4ac —3aCx/b2—4ac)

b+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
b+Vb2-4ac b-+b%2-4ac

c b+vb2-4ac
EllipticF[i ArcSinh[+/2 x|, - ]
b+vb2-4ac b-+vb2-4ac

Problem 107: Result unnecessarily involves imaginary or complex numbers.

J\/ax+bx3+cx5
Vx

Optimal (type 4, 347 leaves, 5 steps):

dx
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bx32 (a+bx?+cx* 1
( ) +—=x \Jax+bx>+cx® -
3+/c (\/a vV xz)\/ax+bx3+cx5 3

a+bx?+cx?

(ﬁM/?xz)z

1/4 ¢

1
EllipticE[2ArcTan| ], =
4

/4 p+/x a +Vc x? b
a4 b/x (Va s Ve 22 2 ﬁﬁ]}/

al/4

a+bx?+cx?

+ a1/4(b+2\/?\/?)ﬂ(\/?+\/?xz) "
o e

(3c3/4x/ax+bx3+cx5

1/4X

b
2- ]] /[6c3/“wax+bx3+cx5

Va Ve

1
EllipticF[2ArcTan| —
a1/4 4

Result (type 4, 452 leaves):

C

Jx |ae [ —
b6?-4ac

'b( b 2 ) b+vVb?-4ac +2cx? 2b-2+/b?-4ac +4cx?
ib|-b+ -4ac
b+vb?>-4ac b-+b%2-4ac

\/ C } b+vbZ-4ac
X

x(a+bx2+cx4>+

] -

EllipticE i ArcSinh [\/7

B
b+vb2-4ac b-+vb?-4ac

. ) 2 b+vVb?-4ac +2cx? 2b-2+/b%2-4ac +4cx?
1(—b +4ac+b b—4ac)
b+vb2-4ac b-+vb2-4ac

C } b+\/b274ac] /
XJ
b+vVb2-4ac b-+/b2-4ac

EllipticF[i ArcSinh [\EJ

C
{lzc\/ \/x (a+bx*+cx?) ]
b+vb?-4ac
Problem 110: Result unnecessarily involves imaginary or complex numbers.

j\/; (ax+bx3+cx5)3/2d1x

Optimal (type 4, 487 leaves, 6 steps):
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(8b4757ab2c+84a2c2) x3/2 (a+bx2+cx4)
315 ¢5/2 (\/?+\/?x2) Vvax+bx3+cx®
x (b(4b?-9ac)+6c(2b?-7ac)x?)Vax+bx>+cx® (3b+7cx?) (ax+bx3‘+cx5)3/2

+

315 ¢? 63 c V/x

a+bx?+cx*

\ (\/?M/?XZ)Z

b
2 - ]] /[315c11/4x/ax+bx3+cx5

Va Ve

al/4 (8b4—57ab2c+84a2c2) \x (\/?+\/?x2)

1/4
+

EllipticE [2 ArcTan [

1
al/s 7 g

a+bx2+cx?t

e e e

b
2 - ]] /[630c11/4x/ax+bx3+cx5

Va o

al/4 (8b4—57ab2c+84a2c2+4\/?b\/? (b2—6ac)) X (\/?+\/?x2)

cl/4

EllipticF [2 ArcTan [

1
al/s 7 g

Result (type 4, 609 leaves):
! Vx

12603 | ——— \/x (a+bx2+cx4)

bofbiasc

C
4¢ |[— x (—4b4x2—b3cx4+53b2c2x6+85bc3x8+35c4x19+a2c (24b+77cx2) +

b+ 67 - dac

a(-4p>+27b%cx®+151bc?x* + 112> x®) ) + i (8b*-57ab’c +84a%c?)

b+Vb2-4ac +2cx? 2b-2+b%2-4ac +4cx?
(7b+x/b274ac] . . -
b+Vb?-4ac b-+Vb%*-4ac

2 _
E1lipticE [i ArcSinh[+/2 ¢ <], b+m} i

b+Vb2-4ac b-+Vb%*-4ac
i [78b5+65ab3c7132a2bc2+8b4x/b274ac -57ab?c+/b*-4ac +84a2c2x/b274ac)

b+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
b+vb2-4ac b-+vb2-4ac

c b+\/b2—4ac}

EllipticF[j Ar‘cSinh[\/? x]

b+vb2-4ac b-+vb2-4ac
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Problem 112: Result unnecessarily involves imaginary or complex numbers.

)3/2

dx

J(ax+bx3+cx5

x37/2

Optimal (type 4, 425leaves, 6 steps):
2b (b?-8ac) x*2 (a+bx?+cx?) \x (b2+186ac+3bcx?) Vax+bx>+cx®
+

+

35 ¢3/2 (\/?+\/?x2) Vax+bx}+cx® 35¢
ax+bx3+cxs)3? b x2 4
(ax+ ’ ) + 2a1/4b(b2—8ac)\/7(\/?+\/?x2) LJrcxz
7% (Va « e x|
s s 1/4X 1 b 7/4 3 5
EllipticE[2ArcTan| |, = |2- ——|] /[35c/ Jax+bxP+cox® | -
al/s 4 Va Ve

31/4(\E\E(b2720ac>+2b(b2—8ac>)\/?(\g+%x2) M

(\/a +4/ ¢ x2)2
C1/4 1 b
EllipticF[2ArcTan| X , = 2—7]] /[70c7/4«/ax+bx3+cx5
al/4 4 /_a /_C

Result (type 4, 540 leaves):

1

C
Vx [2¢ | —— «x

70 c? #\/x(a+bx2+cx4) b+Vb*-4ac

b+/b*-4ac

(15a°c+a (b2+23bcx2+20c2x4) + X2 (b3+9b2cx2+13bc2x4+5c3x6)) -

]'lb(b2 8ac (

\/7) b+vb2-4ac +2cx? 2b-2+b2-4ac +4cx?
b+Vb2-4ac b-+vb2-4ac

Vb2-4ac
E11lipticE [i ArcSinh[+/2 , —
+Vb%2-4ac b-+Vb%2-4ac

j[fb4+9ab2 -20a%c?+b3 /b -4ac -8abc+/b? 4ac)
+vVb%Z-4ac +2cx? \/Zb 2+b%2-4ac +4cx?

} +

b+vb%2-4ac -vb2-4ac

+vVb2-4ac }
X,
Vb2 -4ac b-+vb2-4ac

EllipticF[i ArcSinh[+/2

| 5
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Problem 114: Result unnecessarily involves imaginary or complex numbers.

[—2
Vvax+bx3+cx®
Optimal (type 4, 121 leaves, 2 steps):
2 4 1/4
N (\/?+\/?x2) _arbxirex? Ellip‘cicF[ZAr‘cTan[c X}, 1 Z—LJ} /
(Va «ve ) a4l ac

(Zal/“cl/“x/ax+bx3+cx5

Result (type 4, 193 leaves):

, b+vVb%2-4ac +2cx? 2 c x?
iV PR
b++vb2-4ac b-+Vb*-4ac

b+vb2-4
EllipticF[i ArcSinh[+/2 ¢ x|, : ac ] /
b++vb%2-4ac b-+/b%2-4ac

[\/7\/; \/x (a+bx*+cx?) ]
b+vVb2-4ac

Problem 116: Result unnecessarily involves imaginary or complex numbers.

J ! dx
X2\ axsbxiicx
Optimal (type 4, 330 leaves, 6 steps):
Ve x¥/2 (a+bx?+cx?) Vax+bx3+cx5
a(Va eve x| Vaxsbd oo ax?

2 4 1/4
4 \x (\/?+\/?x2) _arbxirex? EllipticE[ZAr‘cTan[c X],
(\/?+V?x2)2 at/*

FNQ
N
|
o
o
N
\

+

(a3/4«/ax+bx3+cx5

2 4 1/4
4 \x (\/?+\/?x2) _arbxirex? Ellip‘cicF{ZAr‘cTan[C X],

(\/?+\/?X2)2 3l/4

FNQ
N
|
o
o
N
\

(2a3/4x/ax+bx3+cx5
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Result (type 4, 303 leaves):

—4(a+bx2+cx4)+ 1

C

b++/b%-4ac

iv2 (—b+x/b2—4ac

Vb?-4ac +2cx? 1 2cx
L
Vb2 -4ac b-+vb2-4ac
Ny c X],b+\/b2—4ac
+vb2-4ac b-+vb2-4ac

| - EllipticF|

[EllipticE [i ArcSinh[+/2 \/

JiArcSinh[\/?\/ ¢ x],b+ b24ac]] /(4a\5\/x(a+bx2+cx4))
b+vVb2-4ac b-vVb*-4ac

Problem 117: Result unnecessarily involves imaginary or complex numbers.

372
J dx
(ax+bx3+cx5)3/2

Optimal (type 4, 391 leaves, 5 steps):
x*/2 (b?-2ac+bcx?) b\Ex3/2(a+bx2+cx4)

a (b2—4ac> Vvax+bx3+cx® a (b2—4ac) (\/?+\/?x2) Vvax+bx3+cx®

+

2 4 1/4
bcl/4\/x (\E+\/?X2) _arbxirext Ellip‘cicE[ZAr‘cTan[c X], 1 2b]] /
(Va /e )’ it e ve
(a3/4 (b*-4ac)/ax+bx®+cx® ) -
2 4 1/4
cl/4+/x (\E+\/?x2) _arbxirext EllipticF[ZAr‘cTan[c X}, 1 2 - b J] /
Ve ) et e

(233/4 (b—Z\E\E) AJax+bxd+cox®

Result (type 4, 463 leaves):




8 | Mathematica 11.3 Integration Test Results for 1.2.4.2 (d x)m (a x~g+b x~n+c x~(2 n-q))p.nb

- ! N —4\/—c x(b2—2ac+bcx2)+
4a (b’-4ac) 4\/X(a+bxz+cx4> b+Vb*-4ac
b+v/b%-4ac

ib(—b+m) b+vbZ-4ac +2cx? 2b-2+b?2-4ac +4cx?
b+vb2-4ac b-+vb2-4ac
c b+\/b2—4ac]
x|, -
b+vb2-4ac b-+vb?-4ac

E1lipticE[i ArcSinh[+/2

b+vbZ-4ac +2cx? 2b-2+/b%2-4ac +4cx?

i (—b2+4ac+b b2—4ac)

b+vb2-4ac b-+vb2-4ac
e b+vVb2-4ac
EllipticF [J‘l ArcSinh [\E X ’ ]

3
b+vVb2-4ac b-+/b2-4ac

Problem 119: Result unnecessarily involves imaginary or complex numbers.

1

J& (ax+bx3+cx5)3/2

dx

Optimal (type 4, 468 leaves, 6 steps):
b2-2ac+bcx? 2\/?(b2—3ac>x3/2(a+bx2+cx4)

N _
a (b2—4ac> Vx Vvax+bx3+cx®  a? (b2—4ac) (x/?Jr\Exz) Vax+bx3+cx®

2 (b2-3ac) Vax+bx*+cx®

a? (b274a c) x3/2

2c1/4(b2—3ac)\/7(ﬁ+\/?x2) (j/:bxj/icx“)z
a +vc x?

1/4

+

EllipticE [2 ArcTan [

2 - b ]] /[a7/4<b2—4ac)x/ax+bx3+cx5

Va Ve

1
al/s 7 g

c1/4(2b2+\/?b\/?—6ac)\/7(\/?+\/?X2> M
o)

cl/4

EllipticF [2 ArcTan [

Zﬁ]] /[Za”4 (b>-4ac)Jax+bx®+cx®

1
al/4 ]’ Z

Result (type 4, 519 leaves):
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1
2a%2 (b2-4ac —< — x Jx(a+bx2+cx?
( ) b++/b%-4ac \/ ( >
2 | — < (—4a2c+2b2x2<b+cx2)+a(b2—7bcx2—6c2x4>)—
b+Vb%2-4ac
s 5 b+vb?>-4ac +2cx? 2b-2+/b?-4ac +4cx?
i(b>-3ac) (—b+ b2-4ac | x
b+vVb2-4ac b-+Vb%2-4ac
Vbi-4
EllipticE[j Ar‘cSinh[\E ¢ x], b+ Vb ac }+

b+Vb2-4ac b-Vb2-4ac
i [7b3+4abc+b2\/b274ac -3ac+/b?-4ac

b+Vb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?

X

b++vb%2-4ac b-+vb%2-4ac
C b+vb2-4ac
EllipticF[i ArcSinh[+/2 x|, = ]

b+vb2-4ac b-+vb2-4ac

Problem 122: Result more than twice size of optimal antiderivative.

X (d+ex2)
j dx
Vax+bx3+cx®

Optimal (type 6, 287 leaves, 7 steps):

5 2 ¢ x2 2 ¢ x2
2dx 1+ —— 1+ —mm
b-+vb2-4ac b+vb2-4ac
3 1 1 7 2 c x? 2 cx?
Appe:l-lFl[fz I y - ] /
4 2 2 4 b-+vb2-4ac b+vb2-4ac
3 s 4 2 c x? 2 c x?
(3x/ax+bx +CX +(2ex 1+ —m 1+ —mMm
b-+Vb2-4ac b+Vb2-4ac

7 1 1 11 2 cx? 2 c x? 3 .
AppellFl[—, —y —y — - 5 - } /(7xlax+bx +CX
4 2 2 4 b-vVb2-4ac b+vVb2-4ac

Result (type 6, 639 leaves):
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1
3 2 2 2 2
; 3/zax b-+/b°-4ac +2cx (b+\/b -4ac +2cx
42c(x(a+bx +cx))
31 1 7 2 ¢ x2 2 ¢ x2
49dAppe11F1{— Ty T T - B /
4 2 2 4 p,+/p2-4ac -b+b>-4ac

311 7 2cx? 2 cx?
-7afppellFl| =, —, =, —, - s ] +
4 2 2 4 pibl-s4ac -b+Vb2-4ac
) 5 7 1 3 11 2cx? 2 cx?
x2 | |b++/b 4ac) ppellFl[—~, =, =, =, - s |+
4 2 2 4 pi\p2-4ac -b+Vb-4ac
7 3 1 11 2cx? 2cx?
( 4ac]Appe11F1 —> T s —5 — s ] -
4’2 2 4 b+vb2-4ac -b++b2-4ac
7 1 1 11 2cx? 2cx?
33ex? AppellFl[* — = > - ’ } /
4’2 2 a b+vVb2-4ac -b+b2-4ac
7 1 1 11 2cx? 2cx?
-11aAppellFl[~, =, = s - s ] +
4’2" 2" a b+vVb2-4ac -b++/b2-4ac
11 1 3 15 2 ¢ x? 2 ¢ x?
x2 (b+\/m) AppellFl|—, =, =, —, - s +
4 2 2 4 b+vVb?-4ac -b++b2-4ac
11 3 1 15 2cx? 2cx?
b ane |mperra[ 1,2, 2,25 : 1))
4 2 2 4 b+vb2-4ac -b++vb2-4ac

Problem 140: Unable to integrate problem.

149
X 2
dx
Vb X"+ cx2M9 4 axd

Optimal (type 3, 70leaves, 2 steps):

x%/2 (2a+bx"9)

ArcTanh |

b x"+c x2"9+a x4
Va (n-q)
Result (type 8, 38leaves):

149
x 2
dx
Vb x"+cx2"d 1 axd
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Summary of Integration Test Results

140 integration problems

A - 129 optimal antiderivatives

B - 2 more than twice size of optimal antiderivatives
C - 8 unnecessarily complex antiderivatives

D - 1 unable tointegrate problems

E - Ointegration timeouts



